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ABSTRACT

This study addresses large, inconsistent errors in estimating the acentric factor (o) of halogenated
hydrocarbons (HHCs) by Group-Contribution Methods (GCMs) when vapour-pressure data are
unavailable. The reconciliation of two GCMs is reformulated as a two-player, non-zero-sum, linear-
quadratic differential game over a structural complexity index t € [0, 1]. Each player controls its
additive correction to minimize a cost combining experimental fidelity, consensus penalty (weight
k) and smoothness penalty (weight 0). Pontryagin's principle yields coupled second-order Euler-
Lagrange equations. The open-loop Nash equilibrium is proven to exist, be unique, with convergent
best-response iteration, and the ensemble prediction is invariant to k. Benchmarked on 23 HHCs with
experimental ® and both GCM predictions using nested leave-one-out cross-validation, bootstrap Cls
and Wilcoxon tests, the Nash ensemble reduced MAPE from 36.1% (best raw GCM) to 20.0% [95%
Cl 12.5-28.8%; p=0.048]. However, it did not beat static bias correction (20.2%), linear stacking
(17.7%), training-mean null (16.3%) or a one-descriptor regression on 1 (12.5%). Both GCM sets

had negative predictive R2, showing that input predictions, not the game framework, limit accuracy.

[
Keywords: Acentric factor, group contribution, halogenated hydrocarbons, differential game, nash

equilibrium, cross-validation, model reconciliation

INTRODUCTION

The design of distillation columns, refrigeration cycles, heat pumps and organic Rankine cycles
requires reliable thermophysical properties of the working fluids [1, 2]. Pitzer’s acentric factor ®
quantifies the departure of a fluid’s vapour-pressure behaviour from that of a simple fluid of spherical
molecules and enters almost every generalised corresponding-states correlation and cubic equation
of state [2, 3].

It is defined as
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w=-1- 10910(Prsat)|Tr=0-7 (1)

where P2 = PSP, is the reduced saturation pressure and T, = T/T. is the reduced temperature.

Because o requires both critical constants and a vapour-pressure point, it is frequently unavailable
for halogenated hydrocarbons (HHCs), many of which are toxic, ozone-depleting or high in global-
warming potential, which restricts experimental work [4, 5].

Group-contribution methods (GCMs) estimate « and other properties from from molecular structure
alone [6, 7]. The method of Constantinou, et al., [8] combines first-order groups with second-order
corrections through a non-linear transform of ®, while the method of Tahami, et al., [9] uses first-
and second-order groups with adjustable parameters that depend on the non-hydrogen atom types
present. Higher-order and uncertainty-aware variants have since been developed [10, 11], as have
machine-learning approaches [12]. For HHCs specifically, Otobrise and Eferurhobo [13] compared
the two methods for 50 compounds, 23 of which have experimental ® in the compilation of Yaws
[14], and reported deviations from —101.5 % to +147.3 % with no significant correlation between
either method and experiment.

Static comparisons of this kind diagnose but do not correct errors. A natural question is
whether two imperfect estimators can be reconciled in a principled way that (i) exploits systematic,
structure-dependent error patterns, (ii) is transparent about how each estimator is adjusted and (iii)
can be applied to compounds outside the training set. Differential games — dynamic optimisation
problems in which several decision-makers with distinct objectives interact through a shared state
[15-17] — provide one such framework: each estimator is treated as a player that adapts a correction
along an ordered descriptor axis, while a coupling term formalises the incentive for the two estimators
to agree.

The objectives of this study are (1) to formulate the reconciliation of two GCMs as a two-
player LQ differential game in which the players’ costs are genuinely coupled through a consensus
term. (2) The open-loop Nash equilibrium via Pontryagin’s minimum principle [18], proved its
existence and unigueness, and showed that the ensemble prediction was independent of the coupling
weight. (3) to provide a reproducible numerical scheme and benchmark against static and statistical
baselines under nested cross-validation, with uncertainty quantification and significance testing. (4)
Through this benchmark, the accuracy of the published HHC predictions, rather than the
reconciliation method, will show to be the binding constraint. What was needed for the framework
to be competitive will be specified.

The overall workflow of this study is summarised in Figure 1.
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Data curation
23 HHCs with experimental w (Yaws, 1997)

Tahami (P1) and Constantinou (P2) GC predictions

Data-quality screening
duplicate predictions and non-physical values (w < 0) flagged;
non-halocarbon ethers and compounds without experimental w excluded

Structural complexity index T € [0,1]
Eqg. (2): C, H, halogen, ring and C=C counts
LQ differential game
states s1(T), s2(T); controls v_i = ds_i/dT
cost: fidelity + k-consensus + 8-smoothness

Pontryagin conditions — coupled Euler-Lagrange BVP
unique solution (Theorem 1) 6, K, choice of T

[ Open-loop Nash equilibrium j Sensitivity )

-

e

Numerical solution ,’
(i) direct block-linear solve (ii) best-response iteration ,
convergence tolerance 10— ’
P4

-~
-
-

Validation
nested leave-one-out CV, bootstrap 95% ClI,
Wilcoxon signed-rank tests vs. null and static baselines

Outputs
corrected @1, (2 and ensemble &_E;
look-up table s_i*(T) for new compounds

Fig. 1. Workflow of the proposed framework, from data curation and screening through the differential-game
formulation, equilibrium computation and cross-validated benchmarking.

Data and quality screening

Source data

Predicted ® values for 50 compounds by both GCMs were taken from Table 1 of Otobrise and
Eferurhobo [13]; experimental values for the 23 compounds that have them were taken from Table 2
of the same work, which cites the compilation of Yaws [14]. All 23 published percentage deviations
were reproduced exactly from the tabulated values, and the published Pearson coefficients (Tahami
vs Constantinou, r =-0.152, p = 0.489; experiment vs Constantinou, r = 0.395, p = 0.062; experiment

vs Tahami, r = 0.185, p = 0.398) were also reproduced, confirming correct transcription.

Screening
Since only compounds with experimental ® can be used to fit or validate a correction, the modelling
set comprises the 23 HHCs listed in Table 1. The remaining 27 compounds of Otobrise and

Eferurhobo [13] lack experimental values and were not used; this set includes two oxygenated
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compounds (C3HsFs0 and C2H2Cl40), which are not halogenated hydrocarbons, and one physically
implausible prediction (o = 5.1668 for C2H2Cl4O by the Constantinou method). Several anomalies
in the source predictions were flagged but retained, because removing them would bias the
benchmark: (i) a negative Tahami prediction for 1,1,1-trichloroethane (0 = —0.0032); (ii) identical
Constantinou predictions for chemically distinct compounds, e.g. 0.2410 for CFe, C3Fs, CsF12 and
C1oF22, and 0.0084 for CCI2F2, C2HCIF2, C2F4, C4Fg and CeF12; and (iii) identical predictions for 1,1-
difluoroethane and 1,1-difluoroethylene by both methods. Since ® increases monotonically with
chain length within a homologous series, such duplications indicate errors in group assignment or
arithmetic in the source predictions; their consequences are examined in Section 7.

The experimental o values range from 0.153 (methyl chloride) to 0.395 (hexafluorobenzene),
with a mean of 0.241 and a coefficient of variation of 22.7%. This narrow range is important for
interpreting percentage-error metrics.

Table 1: Modelling set: experimental acentric factors [12], GCM predictions [11] and structural complexity index t
(Eq. 2), ordered by t.

Compound Formula T Oexp o1 (Tahami) 2
(Constantinou)

Methyl chloride CHasCl 0.000 0.153 0.0851 0.0568
Methyl fluoride CHsF 0.000 0.204 0.1365 0.1656
Dichloromethane CH:Cl2 0.073 0.192 0.1595 0.0285
Difluoromethane CH2F2 0.073 0.276 0.1779 0.0285
Bromoethane C2HsBr 0.078 0.183 0.1007 0.1619
Ethyl chloride C2HsClI 0.078 0.204 0.0721 0.2025
Ethyl fluoride CaHsF 0.078 0.209 0.1318 0.2067
Vinyl fluoride CaHsF 0.112 0.189 0.1019 0.0568
Dichlorofluoromethane CHCI:F 0.145 0.207 0.0858 0.1047
Trifluoromethane CHF3 0.145 0.267 0.1629 0.1828
1,1-Dichloroethane C2H4Cl2 0.151 0.244 0.0447 0.2443
1,1-Difluoroethane CaH4F2 0.151 0.263 0.2373 0.2904
1,1,1-Trichloroethane C2HsCls 0.223 0.216 -0.0032 0.2552
1,1,1-Trifluoroethane CoHsF3 0.223 0.253 0.1346 0.1828
Tetrafluoroethylene CaF4 0.330 0.226 0.1952 0.0084
1,1,2-Trichlorotrifluoroethane C2ClsF3 0.441 0.255 0.0434 0.1835
1,2-Dibromotetrafluoroethane C2Br2Fs 0.441 0.250 0.6183 0.1181
Hexafluoroethane CaFs 0.441 0.245 0.2143 0.2410
Bromobenzene CsHsBr 0.637 0.251 0.0551 0.1619
Fluorobenzene CeHsF 0.637 0.247 0.0056 0.2067
lodobenzene CeHsl 0.637 0.247 0.0033 0.1498
Decafluorobutane CsF10 0.888 0.372 0.1914 0.2081
Hexafluorobenzene CeFs 1.000 0.395 0.1472 0.2410
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Model formulation

Structural complexity index

Each compound is mapped to a point on a dimensionless "virtual-time" axis that orders molecules by
structural complexity. We use a fixed, a priori linear descriptor as shown in Equation 2:

X = Xmin

X = (ZNC + ,BNH + ]/NX + 6NR + 8NC=C’ T = (2)

Xmax — Xmin

where Nc, N1, Nx, Nr and Nc=c are the numbers of carbon atoms, hydrogen atoms, halogen atoms
(F + CI + Br + 1), rings and carbon—carbon double bonds (aromatic rings counted as three), and o =
0.10, 3=0.02,y=10.15, 6 =0.30 and € = 0.10. The weights were fixed before any model fitting and
were not tuned to the cross-validation error. 7 is a static descriptor: it is computed directly from the
molecular formula and therefore places any new compound on the same axis without reference to the
training data. Because Eq. (2) weights all halogens equally, compounds such as CH.Cl, and CH2F>

share the same T1; the 23 compounds occupy N = 12 distinct nodes.

Players, states and controls
Player 1 (P1) is the Tahami method and Player 2 (P2) the Constantinou method, with raw predictions
o1(t) and w2(1). Each playeri € {1, 2} maintains an additive correction state si(t), so that its corrected

prediction is
di(1) = wi(7) + si(7), @ € {1,2} 3
and controls the rate at which this correction changes along the complexity axis:

ds;
@ = v@ T e 01] (4)
Both initial and terminal states are free. Admissible controls are square-integrable functions on [0,

1].

Payoff functionals
Let t« be the index of training compound k with experimental value mexp k, and let eix = @i(tk) — @exp k-

Each player minimises
A A 1
Ji = Xioaled + k(@y — dp)?] + 6 J, v (7) dt (5)

The first term rewards fidelity to experiment; the second, with weight k > 0, penalises disagreement
between the two corrected predictions; and the third, with weight 6 > 0, penalises rapid variation of
the correction along t. Because the consensus term depends on the rival’s correction s;j, each player’s

optimal strategy depends on the other’s: the problem is a genuine two-player, non-zero-sum
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differential game rather than two independent optimal-control problems. With k = 0 the coupling

vanishes and the problem decomposes into two smoothing problems.

Open-loop Nash equilibrium
Necessary conditions

Writing the data terms as a running cost £; with point masses at the t«, the Hamiltonian of player i is
Hi = ‘gi(S,T) + 91712 + Aiivi + AUU] (6)

where Aii and Ajj are player i’s costates for sj and s;. Minimising Hi over the player’s own control gives

OH; ¥ Aii
a—vi=2917i+/1ii=0$17i=—% (7)

and the costate equation with transversality conditions for free end-states is

dAi; 0H; A ~
o = s = 2Zilew + (@ — @)l 8(r — i), 4u(0) = Au(1) = 0 (8)

Eliminating the costate yields the coupled Euler-Lagrange equations with natural boundary

conditions:

dZSi

00— = X lew + k(Dy — )] 6(T — 1), $(0) = (1) =0 %)

dt?

Between data points si is therefore linear in t; at each data point its slope jumps in proportion to the
local fidelity-plus-consensus residual. The equilibrium corrections are thus piecewise-linear
functions of 1 that are flat at both ends. Note that the rate of change of the correction is governed by
a second-order condition: a first-order rule of the form $;i & —ei does not satisfy the necessary

conditions of the stated problem.

Discretisation
Let 71 < ... < 1 be the distinct node values, hm = Tm+1 — Tm, and si € RN the nodal corrections. For a

piecewise-linear si the smoothness integral is exact:

. — g 2
0 f, vidr = gENZyEma=tm = 4715, (10)

where L is the weighted path-graph Laplacian with edge weights 1/hm. Let A be the diagonal matrix
whose entry Amm is the number of training compounds at node m, r; the vector of nodal sums of
residuals mexpk — ik, and C12 = —c21 the vector of nodal sums of w2k — w1k. Setting AJi/Osi = 0 for each

player gives the stationarity conditions

[(1 + K)A + OL]s; — kAs; =1 + Kcij, 1 # ] (12)

http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/



http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/

Hassan Grema, B. U. A. Mustapha, M. Z. Kyari and Ali G. Mohammed: Passivated Silicon Quantum
Dots for Selective Non-Enzymatic Glucose Sensing in Complex Food Matrices

which, stacked for both players, form the 2N x 2N linear system K z = b with K = [[M, —kA], [-KA,
M]], M= (1 +«)A + 0L and z = (s1, S2).

Existence, uniqueness and structure

Theorem 1 (existence and uniqueness). If 6 > 0 and the training set is non-empty, the game (3)—(5)
has a unique open-loop Nash equilibrium, given by the solution of Eq. (11). Proof. K is symmetric
and, for any z = (X, ), 2'Kz = X"(A + OL)x + y'(A + OL)y + k(x — y)"A(x — y). L is positive
semidefinite with null space spanned by the constant vector 1, and 1TA1=n>0, so A + 0L is positive
definite; hence K is positive definite and Eq. (11) has a unique solution. Each Ji is strictly convex in
Si (Hessian 2[(1 + k)A + 6L] > 0), so the stationarity conditions are sufficient for each player’s best
response, and the unique stationary pair is the unique Nash equilibrium.

Corollary (potential game and convergence). Because K is symmetric, the game is an exact
potential game with potential ®(z) = ¥ z'Kz — b'z [19]. Alternating best responses are block Gauss—
Seidel iterations on a symmetric positive-definite system and therefore converge to the equilibrium

from any starting point.

Proposition 2 (k-invariance of the ensemble). Adding the two equations (11) eliminates x: (A +
OL) s =1, where 5 = (s1 + $2)/2 and T = (r1 + r2)/2. The ensemble prediction ok = (w1 + ©2)/2 = (01 +
®2)/2 + § is therefore independent of k. The consensus weight redistributes the correction between

the players but cannot change the ensemble.

Proposition 3 (limits). As 6 — oo, L si — 0 and the corrections become constants equal to the
(consensus-weighted) mean residuals, i.e. a static bias correction. As 6 — 0, the corrections
interpolate the nodal mean residuals, which minimises training error but maximises variance. 0

therefore controls a bias—variance trade-off and must be selected out-of-sample.

Numerical algorithm

The equilibrium was computed in two independent ways: (i) a direct solve of Eqg. (11), and (ii)
alternating best responses, as follows.

Step 1. Compute 7t for all compounds (Eq. 2); identify the distinct nodes and assemble A, L, rj and

cij from the training compounds only.
Step 2. Initialise 51© =5, = 0.

Step3. For(=0,1,2,...:solve M s1D =11 + xep2 + KA s29; then solve M s2%D =15 + xeo1 + KA

5 (tFD).

Step 4. Stop when max|s(“"D — 5] < 1073,
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Step 5. For a compound not in the training set, compute its t and evaluate si'(t) by linear
interpolation between nodes (constant extrapolation beyond the end nodes, consistent with

the natural boundary conditions).

All computations were carried out in Python 3 with NumPy and SciPy; the code and data are provided

as Supplementary Material S1.

Validation protocol

Cross-validation

Because the corrections are fitted to experimental data, in-sample errors are optimistically biased.
All reported errors for fitted models are therefore leave-one-out cross-validated (LOOCV): for each
compound kK, the equilibrium is computed with compound k removed from the data terms (its node
is retained as an unweighted node if no other compound shares it) and wi(tk) is then predicted. To
avoid optimism arising from hyper-parameter selection [20], 6 was additionally selected by an inner
LOOCYV loop within each outer fold over the grid 6 € {10, 10733, ..., 10}, with x = 1 (Proposition

2 makes the ensemble insensitive to k). We refer to this as nested LOOCV.

Baselines

The Nash ensemble was compared with: the raw Tahami and Constantinou predictions and their
arithmetic mean (no fitting); static bias-corrected versions of each method and of their mean, in which
a constant shift equal to the training-set mean residual is added; linear stacking, i.e. an ordinary least-
squares regression of wexp on w1 and w2 [21]; a null model that predicts the training-set mean of wexp
for every compound; and a descriptor-only model, a least-squares regression of wexp on t alone. All
fitted baselines were evaluated by LOOCV.

Performance metrics and statistics

For predictions wk we report the mean absolute percentage error

MAPE = 10022=1M (12)

T Wexp,k
together with the average absolute deviation (AAD), root-mean-square error (RMSE), mean bias, the
number of compounds predicted within £20 %, and the predictive coefficient of determination

RZ =1 — Zk (‘ﬁk_wex;f),k)2 (13)

da — N
pre Zk (wexp,k - wexp)z

which is negative when a model predicts worse than the sample mean. Ninety-five per cent
confidence intervals for MAPE were obtained from 5000 bootstrap resamples of compounds [22].
Paired differences in absolute error were tested with the two-sided Wilcoxon signed-rank test [23].
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Agreement with experiment was further examined with Bland—Altman analysis (bias and 95 % limits
of agreement) [24]. Because the experimental values span a narrow range (CV = 22.7 %), MAPE
alone can be misleading; absolute metrics and the null-model comparison are therefore given equal

weight.

RESULTS AND DISCUSSION

Structure of the raw prediction errors

Fig. 2 shows the relative deviations of the raw predictions as a function of molar mass and halogen
count. Both methods under-predict ® for most compounds (mean bias —0.106 for Tahami and —0.081
for Constantinou). The Tahami errors are largest for the aromatic halides (—78 % to —99 %) and for
1,1,1-trichloroethane, with a single large over-prediction for 1,2-dibromotetrafluoroethane (+147 %).
The Constantinou errors are largest for the small fluorinated and unsaturated compounds
(difluoromethane —89.7 %, tetrafluoroethylene —96.3 %, dichloromethane —85.2 %). Neither method
shows a monotonic trend with molar mass or halogen count, and both have negative R? relative to

the sample mean (—8.38 and —3.27 respectively).

Tahami et al. (P1) Constantinou et al. (P2)

I 100
75

- 50
25

o

Deviation (%)
1
IS
o
Deviation (%)

=25

Relative deviation (%)

—-100 - —50

-75
6 «©
o o
Mo, 150 P l 100
e ma 200
Ss (g 250
"’0/*1)

100

Fig. 2: Three-dimensional representation of the relative deviation of the raw GCM predictions from experiment as a
function of molar mass and number of halogen atoms, for (left) the Tahami method and (right) the Constantinou method.
Drop lines indicate the zero-deviation plane.

Equilibrium strategies

Fig. 3 shows the equilibrium corrections s1"(t) and s2"(t) fitted to all 23 compounds with 8 = 0.1 and
K = 1, together with the compound-level residuals they smooth; the nodal values are listed in Table
2 and constitute the look-up table for new compounds. Both corrections are positive almost
everywhere, reflecting the systematic under-prediction. The Tahami correction rises from about 0.07
for the C1 halomethanes to 0.21-0.23 for the aromatic and perfluorinated compounds, except for a
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dip to approximately zero at T = 0.441, where the large positive error of C2Br2F4 offsets the negative
errors of CoClsFs and CoFe. The Constantinou correction is flatter (0.03-0.15) and peaks at
tetrafluoroethylene (t = 0.330).

0.2 +
3 i
= 0.1
S
s
= 0.0
[}
[«}]
=
o
o —0.1 A
(V]
=
=
S -0.21
< ® Residual Wexp — w1 (P1)

[ Residual Wexp — w3 (P2)
—0.3 1 == s, (T) Nash correction, P1
== = s7(T) Nash correction, P2 Y
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Structural complexity index T

Fig. 3: Open-loop Nash equilibrium corrections s;"(t) (Tahami, solid) and s;"(t) (Constantinou, dashed) over the structural
complexity index, fitted to all 23 compounds (6 = 0.1, k = 1). Symbols are the compound-level residuals @exp — ®i.

Table 2: Nodal equilibrium corrections (6 = 0.1, x = 1; all 23 compounds) for use as a look-up table.

T si* (Tahami) s2” (Constantinou) Compounds at node
0.000 0.0735 0.0777 CH3Cl, CHsF
0.073 0.0753 0.0996 CH2Clz, CH2F2
0.078 0.0895 0.0766 C2HsBr, C2HsCl, CaHsF
0.112 0.0906 0.0830 CoHsF
0.145 0.1105 0.0553 CHCIzF, CHF3
0.151 0.1175 0.0425 C2H4Cl2, CoH4F>
0.223 0.1421 0.0319 C2H3Cls, CoHsFs
0.330 0.0298 0.1426 CoFa
0.441 -0.0067 0.0925 C2ClsF3, C2Br2Fs, CoFs
0.637 0.2063 0.0722 CsHsBr, CsHsF, CeHsl
0.888 0.1930 0.1519 C4F10
1.000 0.2283 0.1466 CeFs

Convergence

Best-response iteration (Fig. 4) reduced both player costs monotonically, with essentially all of the
reduction occurring in the first two iterations, and reached the 1078 tolerance after 13 iterations. The
converged solution agreed with the direct solve of Eq. (11) to within 1.1 x 107!, i.e. to machine

precision, confirming Theorem 1 numerically. Final costs were J; = 0.595 and J, = 0.452.
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——
\ —-—== /> 1073 -
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E W 107 tol = 108
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< 0.55 A x 1077 4
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E 10—12 -
0.50 A
10—15 B
‘
0.45 L 1 1 1 1 T Ll T T T 1
0 10 20 30 40 0 10 20 30 40
Best-response iteration Best-response iteration

Fig. 4: Convergence of alternating best-response iteration: (left) player costs Ji and J2; (right) maximum change in the
nodal corrections per iteration on a logarithmic scale, with the 107® tolerance.

Sensitivity to 0, k and the complexity index

Fig. 5 shows the LOOCV MAPE as a function of 109100 and x. For the individual players, the surface
has a clear structure: P2 reaches its minimum of 22.9 % at small 0 (= 2 x 107°) and large «, and P1
reaches 28.5 % at 0 =~ 0.46 and « = 1.5. For the ensemble, the surface is flat in k to within 4 x 107"
percentage points, as required by Proposition 2, and has a shallow minimum of 18.2 % at 6 = 0.1,
rising to 19.8 % at both extremes of the grid. The range of ensemble MAPE across four decades of 6
is therefore only 1.6 percentage points, indicating that the dynamic (t-dependent) part of the
correction contributes little beyond a constant shift. In the nested procedure, 6 = 0.1 was selected in

17 of the 23 outer folds.

Player 2 (Constantinou), LOOCV Nash ensemble, LOOCV

19.8 ]
19.6

19.4 1
19.2 1
19.0 1
18.8 1
18.6
18.4 1
18.2 -

(%) 3dVIN

- 0
00 -4 \o9°

Fig. 5: LOOCV MAPE surfaces over the smoothness weight (log100) and consensus weight (i) for (left) Player 2 and
(right) the Nash ensemble. The ensemble surface is invariant to k (Proposition 2).
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Increasing « from 0 to 4 at 6 = 0.1 changed the individual-player LOOCV MAPE from 28.9% to 31.2
% (P1) and from 29.7% to 30.9% (P2), while the ensemble remained at 18.2%. Coupling the players
therefore did not improve their individual out-of-sample accuracy on these data. Replacing Eqg. (2)
with alternative indices (Table 3) removed the node ties but did not improve the ensemble: molar
mass gave 20.3% (optimum at the largest 0, i.e. effectively a constant shift) and an atomic-

polarisability sum gave 19.0%.

Table 3: Sensitivity of the Nash ensemble (LOOCYV, k = 1) to the choice of complexity index.

Complexity index Distinct nodes Optimal 0 Ensemble MAPE (%0)
Eq. (2) structural index (this work) 12 0.100 18.2
Molar mass 23 10.0 (grid limit) 20.3
Sum of atomic polarisabilities 23 0.316 19.0

Predictive benchmark

Table 4 and Fig. 7 summarise the out-of-sample performance of all methods. The nested-LOOCV
Nash ensemble achieved a MAPE of 20.0 % (95 % CI 12.5-28.8%), AAD 0.048 and RMSE 0.071,
with near-zero bias (—0.0015) and 14 of 23 compounds within £20%. This is a statistically significant
improvement over the best raw method (Constantinou, 36.1 %; Wilcoxon p = 0.048). The parity and
Bland-Altman plots (Figs. 6 and 8) show that the improvement arises chiefly from removing the
systematic negative bias: the Bland—Altman bias falls from —0.081 to —0.0015, while the width of
the 95% limits of agreement changes only from 0.302 to 0.283.

However, the Nash ensemble did not differ significantly from the static bias-corrected
ensemble (20.2 %; p = 0.94), linear stacking (17.7%; p = 0.66) or the null model (16.3%; p = 0.94),
and it was outperformed numerically by all three. The descriptor-only regression on 1, which ignores
both GCMs entirely, gave the lowest error of all methods (12.5%, 95% Cl 9.4-15.8%; R%yeq = 0.51;
19 of 23 compounds within £20%), although its difference from the Nash ensemble was not
significant (p = 0.26). Comparing in-sample and LOOCV errors at 6 = 0.1 (13.9 % vs 18.2%)
quantifies the optimism that would have been reported without cross-validation.

Compound-level results

Table 5 lists compound-level deviations. The ensemble brought 10 compounds within £10%,
including bromobenzene (—1.8%), fluorobenzene (—0.9%), decafluorobutane (+0.1%) and
hexafluorobenzene (—8.0%); iodobenzene improved from —98.7% (Tahami) and —39.4%
(Constantinou) to —12.6%. The largest residual errors occur where the two players’ raw errors have

opposite signs at a shared node or where a single anomalous input dominates: 1,2-

http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/



http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/

Hassan Grema, B. U. A. Mustapha, M. Z. Kyari and Ali G. Mohammed: Passivated Silicon Quantum
Dots for Selective Non-Enzymatic Glucose Sensing in Complex Food Matrices

dibromotetrafluoroethane  (+89.3%), driven by the Tahami over-prediction; 1,1,2-
trichlorotrifluoroethane (—51.4%), its node-mate; and 1,1-difluoroethane (+37.1%), whose node-
mate 1,1-dichloroethane has a large Tahami under-prediction.

Table 4: Predictive performance on the 23 HHCs. Fitted models are evaluated by LOOCV; raw GCMs require no
fitting. Cl: bootstrap 95% confidence interval of MAPE.

Method MAPE 959% ClI AAD RMSE Bias R%ored n (+20
(%) %)
Tahami, raw 56.6 43.6-70.7 0.138 0.164 -0.106 —8.38 4
Constantinou, raw 36.1 25.2-47.9 0.087 0.111 —0.081 -3.27 9
Arithmetic mean, raw 42.8 35.5-49.5 0.104 0.116 -0.094 -3.66 3
Static bias-corrected Tahami 348 22.2-53.2 0.086 0.130 0.000 —4.94 9
Static bias-corrected Constantinou 27.2 19.8-35.2 0.064 0.079 0.000 -1.16 9
Static bias-corrected ensemble 20.2 13.5-28.7 0.051 0.071 0.000 —-0.75 12
Linear stacking (OLS) 17.7 12.9-22.9 0.044 0.057 +0.003 -0.13 14
Nash P1 (6=0.1,xk=1) 30.1 15.3-50.8 0.074 0.132 +0.001 =5.12 13
Nash P2 (6=0.1,k=1) 31.2 24.1-38.8 0.071 0.083 —0.004 -1.39 8
Nash ensemble (6 = 0.1) 18.2 11.2-26.9 0.044 0.066 —0.002 -0.52 16
Nash ensemble, nested LOOCV 20.0 12.5-28.8 0.048 0.071 —0.002 —0.74 14
Null model (training mean) 16.3 10.7-23.1 0.039 0.056 0.000 -0.09 17
Descriptor-only regression on © 125 9.4-15.8 0.031 0.037 —0.001 +0.51 19
0.6 ‘o Tanami traw %
[1 Constantinou (raw)
A Nash ensemble (nested LOOCV)

Predicted w

0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45
Experimental w

Fig. 6: Parity plot of predicted versus experimental  for the raw Tahami and Constantinou predictions and for the Nash
ensemble under nested LOOCV. The shaded band marks +20%.
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Fig. 7: Mean absolute percentage error of all methods with bootstrap 95 % confidence intervals (5000 resamples). Fitted
models are evaluated by LOOCV.
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Fig. 8: Bland—Altman plots for (left) the raw Constantinou predictions and (right) the nested-LOOCV Nash ensemble.
Solid lines show the mean bias; dashed lines show the 95% limits of agreement (LoA).

What the game contributes

The LQ game provides a transparent, well-posed mechanism for reconciling two estimators: its
equilibrium exists and is unique, can be computed exactly or by best-response iteration, and yields
interpretable correction profiles and a look-up table for new compounds. The consensus weight has
a clear interpretation — it governs how much each method defers to the other — but Proposition 2
shows that it cannot change the averaged prediction. The practical role of « is therefore limited to
producing individually corrected predictions that are mutually consistent; for ensemble use it can be

set to zero without loss.

http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/



http://www.unn.edu.ng/nigerian-research-journal-of-chemical-sciences/

Hassan Grema, B. U. A. Mustapha, M. Z. Kyari and Ali G. Mohammed: Passivated Silicon Quantum
Dots for Selective Non-Enzymatic Glucose Sensing in Complex Food Matrices

Table 5: Compound-level relative deviations (%) of the raw GCMs and of the Nash ensemble under nested LOOCV.

Compound Oexp Tahami (raw) Constantinou Nash ensemble Nash
(raw) e ensemble dev.
Methyl chloride 0.153 -44.4 -62.9 0.144 -6.2
Methyl fluoride 0.204 -33.1 -18.8 0.237 +16.4
Dichloromethane 0.192 -16.9 -85.2 0.179 -6.5
Difluoromethane 0.276 -35.5 -89.7 0.175 -36.7
Bromoethane 0.183 -45.0 -11.5 0.220 +20.0
Ethyl chloride 0.204 -64.7 -0.7 0.223 +9.4
Ethyl fluoride 0.209 -36.9 -1.1 0.260 +24.2
Vinyl fluoride 0.189 -46.1 -69.9 0.160 -15.4
Dichlorofluoromethane 0.207 -58.6 -49.4 0.172 -16.7
Trifluoromethane 0.267 -39.0 -315 0.253 -5.1
1,1-Dichloroethane 0.244 -81.7 +0.1 0.159 -34.7
1,1-Difluoroethane 0.263 -9.8 +10.4 0.361 +37.1
1,1,1-Trichloroethane 0.216 -101.5 +18.1 0.212 -1.9
1,1,1-Trifluoroethane 0.253 -46.8 -21.7 0.243 -4.0
Tetrafluoroethylene 0.226 -13.6 -96.3 0.156 -31.1
1,1,2-Trichlorotrifluoroethane 0.255 -83.0 -28.0 0.124 -51.4
1,2-Dibromotetrafluoroethane 0.250 +147.3 -52.8 0.473 +89.3
Hexafluoroethane 0.245 -12.5 -1.6 0.320 +30.5
Bromobenzene 0.251 -78.0 -35.5 0.247 -1.8
Fluorobenzene 0.247 -97.7 -16.3 0.245 -0.9
lodobenzene 0.247 -98.7 -39.4 0.216 -12.6
Decafluorobutane 0.372 -48.5 -44.1 0.372 +0.1
Hexafluorobenzene 0.395 -62.7 -39.0 0.363 -8.0

Why the improvement is mainly bias removal

The benchmark shows that almost all of the gain relative to the raw methods comes from removing
a common negative bias: the static bias-corrected ensemble performs as well as the Nash ensemble,
and the ensemble error varies by only 1.6 percentage points across four decades of 6. With 23
compounds on 12 nodes, there is little information with which to estimate a T-dependent correction
reliably, and LOOCYV correctly penalises the variance that such a correction introduces. Any claim
that the dynamic component improves accuracy must therefore be tested against a static bias
correction, not only against the raw predictions.

The input predictions are the binding constraint

The most consequential finding is that a null model and a single-descriptor regression outperform
every GCM-based estimate. On the present data, the published GCM predictions carry less
information about ® than the compound’s position on a simple structural index. This is not a general
verdict on the two GCMs: both were developed and validated on large datasets in their original
publications [8, 9], and higher-order GC methods routinely achieve far smaller errors for halocarbons
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[10, 11]. Rather, it is strong evidence that the predictions tabulated in [13] contain implementation
errors, as also suggested by the duplicated and non-physical values noted in Section 2.2 (for instance,
a Constantinou prediction of 0.2410 for both CzFs and CioF22, whereas ® increases substantially
along the perfluoroalkane series). No correction layer can recover information that is absent from its
inputs; the appropriate next step is to recompute both GCMs, verifying the implementation against

worked examples in the original papers.

Chemical considerations

Two chemically motivated refinements follow from the results. First, Eq. (2) treats F, Cl, Br and |
identically, so that, for example, CHzF2 and CHzCl, share a node although their acentric factors differ
(0.276 vs 0.192). Weighting halogens by atomic polarisability removes these ties (Table 3), and a
descriptor that also reflects molecular polarity would be physically better grounded, since highly
fluorinated molecules combine low polarisability with strong bond dipoles. Second, the experimental
o values should be cross-checked against critically evaluated sources (e.g. NIST REFPROP [25] or
the DIPPR 801 database) and reported with uncertainties, because uncertainties of a few per cent in

o are comparable with the residual errors of the better models.

Restoring the first-/second-order formulation
A natural extension, once both GCMs are recomputed at each level, is to let each player also control

the weight ui(t) € [0, 1] placed on its second-order contributions:
& =1 -u)o® +uyo® + s (14)

where oi¥ and ©i® are the first-order-only and first-plus-second-order predictions. Treating uj as an
additional state with a quadratic penalty on its rate of change keeps the problem linear—quadratic in
(ui, si), so Theorem 1 and Proposition 2 extend directly, with the box constraint on u; handled by
projection. The present data do not report the two levels separately, so this extension could not be

evaluated here.

Limitations
1. The modelling set is small (23 compounds, 12 nodes) and narrow in ® (0.153-0.395);
conclusions about t-dependence are correspondingly uncertain, and no external test set was
available.
2. The equilibrium is open-loop: strategies depend on t only. A feedback (closed-loop)

formulation would require solving coupled Riccati or Hamilton—Jacobi—Bellman equations.
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3. The applicability domain is limited to the t range of the training set; corrections for compounds
outside [0, 1] are constant extrapolations and should be flagged.

4. All conclusions are conditional on the published GCM predictions.

CONCLUSIONS

We have formulated the reconciliation of two group-contribution estimators of the acentric factor as
a coupled linear—quadratic differential game, derived its open-loop Nash equilibrium from
Pontryagin’s minimum principle, and proved that the equilibrium exists, is unique, is reached by
best-response iteration and yields a k-invariant ensemble. Under nested cross-validation on 23
halogenated hydrocarbons, the Nash ensemble reduced MAPE from 36.1 % to 20.0 % relative to the
best raw method (p = 0.048), principally by removing systematic under-prediction. It did not
outperform simpler static, statistical or descriptor-only baselines, and both published GCM prediction
sets performed worse than the sample mean. The framework is therefore a rigorous and reproducible
correction layer, but its value for halogenated hydrocarbons can only be established once the
underlying GCM predictions are recomputed — preferably at both first- and second-order levels —
and validated on a larger dataset with an external test set. We recommend that future reconciliation
schemes for property estimators always be benchmarked against static bias-correction and null-model

baselines under cross-validation.
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